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2D space
®00000O

Homogeneous coordinates

INTRODUCTION

Introduced in 1827 (Mdbius)

Used in projective geometry

Suitable for points at the infinity

Easily code
e points (2D-3D)
o lines (2D)
o conics (2D)
planes (3D)
e quadrics (3D)

o Transformation simpler than Cartesian bt s
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2D space
O@0000O

Points in Homogeneous coordinates - 2D space - Definition

HOMOGENEOUS 2D SPACE

o Given a point pe = [);] € R? in Cartesian coordinates

X

o we can define p, = |y | € R® in homogeneous coordinates

w

X = x/w
o under the relation ¢ Y = y/w

w  # 0

o i.e., there is an arbitrary scale factor (w)
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2D space
[e]e] le]elele;

Points in Homogeneous coordinates - 2D space - Example

EXAMPLE
y

3A

P.

Ph; =

Phy =

Ph3 =

2

3

2| = pe
|1
[6

4| = pe
2

1.5

1| =pe

Ph1 = Phy = Ph3
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2D space
[e]e] le]elele;

Points in Homogeneous coordinates - 2D space - Example

EXAMPLE 3
y ® pe = {2} (euclidean)
3 -
3
® pnyp = |2| =Pe
e Pe 1
|
| [6
1 | ® pny = [4| =pe
| 2
| L
! -
O T T % T 1'5 _
1 2 3 4 x °opns=|1]=pe
0.5
@ Ph; = Phy = Ph3
NoTE

A Cartesian point can be represented by infinitely many homogeneous coordinates
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2D space
[ele]e] Jelele

Points in Homogeneous coordinates - 2D space - Properties

NoTE

A Cartesian point can be represented by infinitely many homogeneous coordinates

PROPERTY
X
o givenph= |y|,w#0
w

o for VA#0 Ph=|Ay| =pn
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2D space
[ele]e] Jelele

Points in Homogeneous coordinates - 2D space - Properties

NoTE

A Cartesian point can be represented by infinitely many homogeneous coordinates

PROPERTY Proor
X x/w
. Q0 pe =
o givenph= |y|,w#0 y/w
w Ax
Aw
A x o for VA#0 Pe = = [ij}
OfOI’V)\#O f)h: )\y = pn Ay y

>
S
4
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2D space
[ele]e] Jelele

Points in Homogeneous coordinates - 2D space - Properties

NoTE

A Cartesian point can be represented by infinitely many homogeneous coordinates

PROPERTY Proor
X x/w
. Q0 pe =
o givenph= |y|,w#0 y/w
w Ax
Aw
A x o for VA#0 Pe = = [ij}
OfOI’V)\#O f)h: )\y = pn Ay y

>
S
4

NoTEs
e w = 1: normalized homogeneous coordinates
e normalization : [x y w] L [x/w, y/w, 1] Tw#0
e hom — cart : [xyw]T — [x/w, y/W]T7W750

@ cart — hom : [xy}T—> [x, v, 1]T
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2D space
[e]e]e]e] Jele

Points in Homogeneous coordinates - 2D space - Improper points

WHAT’S MORE THAN CARTESIAN?

o All Cartesian points can be expressed in homogeneous coordinates: p. — [pe7 l]T

@ Are homogeneous coordinates more powerful than Cartesian ones? — YES
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2D space
[e]e]e]e] Jele

Points in Homogeneous coordinates - 2D space - Improper points

WHAT’S MORE THAN CARTESIAN?

o All Cartesian points can be expressed in homogeneous coordinates: p. — [pe7 l]T

@ Are homogeneous coordinates more powerful than Cartesian ones? — YES

IMPROPER POINTS

o With w = 0 we can express points at the infinity — [x/0, y/0] T
° pr=[x, y, 0] " codes a direction

not directly expressed in Cartesian coordinates
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2D space
[e]e]e]e] Jele

Points in Homogeneous coordinates - 2D space - Improper points

WHAT’S MORE THAN CARTESIAN?

o All Cartesian points can be expressed in homogeneous coordinates: p. — [pe7 l]T

@ Are homogeneous coordinates more powerful than Cartesian ones? — YES

IMPROPER POINTS

o With w = 0 we can express points at the infinity — [x/0, y/0] T
° pr=[x, y, 0] " codes a direction

not directly expressed in Cartesian coordinates

PROPERTY

o pr=[x,¥ 0" =[Ax,Ay, 0] VA#£0
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2D space
000000

Points in Homogeneous coordinates - 2D space - Directions Example

EXAMPLE
y
3 4
2 4
dy
dyso
1 4
dx
(0] t

o O OO0OH

V32
o diso = [V/2/2
0

11/49



2D space
000000

Points in Homogeneous coordinates - 2D space - Directions Example

EXAMPLE
y 1 2
edy= (0| = |0]|: x-axis
37 0 0
0 0
2 ody= (1| = [—-1]|: y-axis
d, A 0 0
n 450 V3)2 1
dy o dsgso = \/50/2 = (1) : 45° axis
O T T T T
1 2 3 4 X
NoTE

@ A direction can be represented by infinitely many homogeneous directions
@ A unit vector is the direction with ||d|| =1 (i.e., /x> +y?2=1)
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2D space
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Points in Homogeneous coordinates - 2D space - Final Remarks

POINTS
AX /W
Pr= [ Ay | = Pe = [ }
A\ y/w

with w #0, A #0
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2D space
000000

Points in Homogeneous coordinates - 2D space - Final Remarks

POINTS ORIGIN

. M o= [0 o H =[]

with w #0, A #0 with w # 0
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2D space
000000

Points in Homogeneous coordinates - 2D space - Final Remarks

PoOINTS ORIGIN
AX 0
x/w 0
Ph= | Ay —>pe={ } pr=|0 —>pe=H
with w #0, A #0 with w # 0

IMPROPER POINTS - DIRECTIONS

AX
dy = | Ay
0

with (x #0 || y #0) && A #0
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2D space
000000

Points in Homogeneous coordinates - 2D space - Final Remarks

POINTS
AX /W
Pr= [ Ay | = Pe = { }
I y/w

with w #0, A #0

IMPROPER POINTS - DIRECTIONS

AX
dy = | Ay
0

with (x #0 || y #0) && A #0

ORIGIN
o] 5p=[0
Ph = Pe = 0
w
with w # 0

INVALID HOMOGENEOQOUS POINT

pr= |0
0

— homogeneous 2D space is defined

on R*—[0,0,0]"
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3D space
0

Points in Homogeneous coordinates - 3D space - Definition

HOMOGENEOUS 3D SPACE

X
o Given a point p. = | Y| € R? in Cartesian coordinates
_Z_.
.
o we can define py = )z/ € R* in homogeneous coordinates
_W_
X = x/w
. Y =
@ under the relation y/w
zZ = z/w
w  # 0

o i.e., there is an arbitrary scale factor (w)
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3D space
e

Points in Homogeneous coordinates - 3D space - Summary

PoOINTS
AX /w
Ay
Pr= |\, | 2 Pe=|¥/W
z/w
Aw

with w #0, A #0
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3D space
e

Points in Homogeneous coordinates - 3D space - Summary

PoOINTS ORIGIN
AX 0
x/w 0
Ay 0
Ph = = pe= |y/w Ph = —pe= |0
Az 0
z/w 0
Aw w

with w #0, A #0 with w # 0
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3D space
e

Points in Homogeneous coordinates - 3D space - Summary

PoiNTS ORIGIN
AX /W 0 0
Ay 0
Ph = = pe= |y/w Ph = —pe= |0
Az 2/w 0 0
Aw w
with w #0, A #0 with w # 0

IMPROPER POINTS - DIRECTIONS

AX

(x#0 ||y #0][ 2#0) && A#0

15 /49



3D space
e

Points in Homogeneous coordinates - 3D space - Summary

PoOINTS
AX /W
Ay
Pr= |\, | 2 Pe=|¥/W
z/w
Aw

with w #0, A #0

IMPROPER POINTS - DIRECTIONS

AX

(x#0 ||y #0][ 2#0) && A#0

ORIGIN
0 0
0
Ph= 14 — pe= |0
0
w
with w # 0

INVALID HOMOGENEOQOUS POINT

O O O

0
— homogeneous 3D space is defined

onR*—[0,0,0,0]"
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Rototranslation - 2D
®00000000

Translation - Cartesian 2D

START WITH AN EXAMPLE

o 2
y Opg 1) :|:1:|
3A
2A
o ()
Pl‘l
I
01 T % T T
1 2 3 4 X



Rototranslation - 2D
®00000000

Translation - Cartesian 2D

START WITH AN EXAMPLE 5
(o]
y y o pl — H
3 2
2
e 0, = L} = p(101)
2 14
11 t
h = p(101)1 2 X
01 T T T T



Rototranslation - 2D
®00000000

Translation - Cartesian 2D

START WITH AN EXAMPLE M
y y o pl® = 1]
31 2 5
2
iiiiiii ‘ ) O2 = |:1:| = p(lol)
-4 ! -
2 1 p(oz): o p(oz) _ 1.5
| 2 1.5
1 T T L T
h = pgol)l 2 X
01 T T T T



Rototranslation - 2D
®00000000

Translation - Cartesian 2D

START WITH AN EXAMPLE "
o
y /:\ [*] pg 1) = 1:|
3 | '2
,,,,,,,,, 4:,,,,,, (01) e 0, = L} Ep(lol)
| I ! _
2 : pgo;): o P(202) |15
pgol) : ! 1.5
|
11 ¥ - 7(51)77777774 ° p(201) _ p(01) +p§02)
h = p; }
0 ! o {3.5}
1 T T T T =
1 2 3 4 x 25
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Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y 2 4 A12
3 o pl® =1l =[2|=---=|\1
1 2 Al
2A
o ()
p1‘1
Ol T T T




Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y y 2 4 A2
34 2+ opgol) = (1] = |2] = = (A1
1 2 Al
2 1 00, =pi>
1 t
, = plo1 2 X
Ol T




Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

Y y 2 4 A1 2
31 24 opgol) =11l =2 =---= (M1
,,,,,,, 1 2 A1
|
_ (0
27 1 (0n) ° 0, =p
P2 151 [6 A2 15
1. N o p? =|15| = (6] = = [X15
zngol)l 2 X | 1 4 Al
Ol T T T T




Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y T 2 4 A12
31 | opgol) =11l =2 =---= (M1
,,,,,,,,, FE——( 11 2 Al
|
27 | (02)3 ° 0, =p
/P 5] [6 A2 15
) | (0)
1 P2 S RN °op =|15| =6 =---=|X15
h = pgol) : L 1 4 Al
\ (01) _ (01) (02)
Ol T T T : T °p - pl + 2
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Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y T 2 4 A2
31 | opgol) =11l =2 =---= (M1
,,,,,,,,, FE——( 11 2 Al
|
i \ ! — (01)
2 Ao, °0 =m
o) 2 15 6 X215
P2 | o p® —|15| =l6|=---= [rn15
1* ******r****> p2 - - - - 2 4.
h = Pgol) } L 4 A2l
0 0 (02
Ol T T T l T ° 2 L 2 - NO
1 2 3 4 x ©1) _ (0

o valid only if p; w

CEE
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Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y T 2 4 A2
31 | opgol) =11l =2 =---= (M1
,,,,,,,,, FE——( 11 2 Al
|
27 1 (o) ° 0, =p
| -
on 15] [6 X215
P2 | o p® —|15| =l6|=---= [rn15
11 et i d p2 - - - - 2 4.
h = Pgol) } L 4 A2l
0] 0] 102
Ol T T T l T ° 2 L 2 - NO
1 2 3 4 x ©1) _ (0

o valid only if p; w=P2 ",

4 (6 1.6 3.5
e eg, (2| + |6 = (13| £ |25
2| |4 1 1

e — we can normalize points (w = 1)

2 (1.5 3.5
e eg., |1+ |15 = |25
1 1 1
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Rototranslation - 2D
O@0000000

Translation - Homogeneous 2D - 1

SAME EXAMPLE BUT WITH HOMOGENEOUS COORDINATE

y T 2 4 A2
31 | opgol) =11l =2 =---= (M1
,,,,,,,,, FE——( 11 2 Al
|
27 1 (o) ° 0, =p
| -
on 15] [6 X215
P2 | o p® —|15| =l6|=---= [rn15
11 et i d p2 - - - - 2 4.
h = Pgol) } L 4 A2l
0] 0] 102
Ol T T T l T ° 2 L 2 - NO
1 2 3 4 x ©1) _ (0

o valid only if p; w=P2 ",

4 (6 1.6 3.5
e eg, (2| + |6 = (13| £ |25
2| |4 1 1

Anything better? e — we can normalize points (w = 1)
2 15 3.5
e eg., |1+ |15 = |25
1 1 1
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Rototranslation - 2D
[e]e] lele]ele]e]e]

Translation - Homogeneous 2D - 2

TRANSLATION: THE RIGHT WAY WITH HOMOGENEOUS COORDINATES

. position of the second reference frame (normalized)

. point w.r.t. the second reference frame (homogeneous)

1 0 xo| [X Xp + XoWp
P=10 1 yo| [¥| = |¥r+Yyows
0 0 1

wp Wp

19/49



Rototranslation - 2D
[e]e]e] le]ele]ele]

Translation - Homogeneous 2D - 3

LET’S TRY ON THE EXAMPLE

y [0 4 A2
31 opgol) =1l =2l =---= (M1
,,,,,,,,,,,,,,,, (o) 1 2 Al
2 4 02)3 0, = p§01) normalized
2 1.5 6 X2 1.5
p(ol) I (0)
14 -2~ | °p; = |15 =(6l=---= |15
N *‘E pgol) : L 1 4 A2l
| |
01 T } T L T
1 2 3 4 X
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Rototranslation - 2D
[e]e]e] le]ele]ele]

Translation - Homogeneous 2D - 3

LET’S TRY ON THE EXAMPLE

y [0 4 A2
31 opgol) =1l =2l =---= (M1
,,,,,,,,,,,,,,,, ) 1 2 Al
2 (02): e 0, = p§01) normalized
| -
o P2 15] [6 X215
14---- Py~ ! ° péOZ) = |15 =(6] =---= | X215
A 4‘5 pgol) : L 1 4 A1
| |
01 T } T L T
1 2 3 4 X
1 0 2] [Xx1l5 A 15+ X2 35
0 0 1 A2 1 A2 1
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Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION FROM EXAMPLE

y
3

] 01 = 02
@ rotated of # = 30°



Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION FROM EXAMPLE

y ] 01502
@ rotated of # = 30°
y 31
)
2 *
2 DY
%
N 1 2
0
T T al } T T T
-2 -1 o 1 2 3 4 X



Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION FROM EXAMPLE

y ] 01502
3 @ rotated of # = 30°
Y ] (02) 2
e R
n T p D, 5
-2 N\ *
2 \ &
\\ fb
N 1 2
0
T T al } T T T
o 1 O 1 2 3 4 x



Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION FROM EXAMPLE

y
Y 3 p(02)
% IR
2 \
2 \\\
sin(0)px . A-f------2
: a2
. |

] 01 = 02
@ rotated of # = 30°

o=l



Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION FROM EXAMPLE 0, = 0,
@ rotated of § = 30°

02 _ [Px] _ 2]
il ¢
cos(f + 90°) = —sin(0)
sin(f + 90°) = cos(0)

+
[+




Rototranslation - 2D
[e]e]e]e] lelelele]

Rotation - Cartesian 2D

DERIVATION F)‘/ROM EXAMPLE o OL= 0,
3 @ rotated of § = 30°
i (02) Px 2
r SRR
B -7 \\ P Py 2
-2 \ oy — o
Z- -] cos(8)py, o cos(0 +90°) sin(6)
| \ @ sin(f + 90°) = cos(0)
sm‘(G) A== ‘
| |
| |
| N |
T T T T T T T T
—2_ sin(0)py 1 cos(6)px 3 4 X

(o) _ [cos(8)px — sin(é?)py] _ {cos(30°)2 - sin(30°)2} _ [0.73}
sin(8)px + cos(6)py sin(20°)2 + cos(30°)2 2.73

21/49



Rototranslation - 2D
[e]e]e]e]e] lelele]

Rotation - Homogeneous 2D

cos(0)px — sin(0)py

(01) —
° From p™7 = sin(6)px + cos(6)py

22 /49



Rototranslation - 2D
[e]e]e]e]e] lelele]

Rotation - Homogeneous 2D

(01) _ |cos(0)px —sin(0)py
o From p*™’ = [sin(G')pX + cos(60)py

o Rewrite with matrices p(ol) = {cos(@) 75|n(0)} ()

sin(f)  cos(h)

22 /49



Rototranslation - 2D
[e]e]e]e]e] lelele]

Rotation - Homogeneous 2D

cos()px — sin(9)py]

(01) —
o From p™™ = sin(6)px + cos(6)py

o . (o) _ [cos(8) —sin(0)] (o,
@ Rewrite with matrices p'%) = sin(0)  cos(0) P

[cos(0) —sin(9) 0
@ Pass to homogeneous pﬁ,ol) = |sin(f) cos(f) O pﬁ,OZ)
0 0 1

APx
where pE,OQ) = | Apy
A
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Rototranslation - 2D
000000800

Rototranslation - Homogeneous 2D

PUTTING THINGS TOGETHER
(02)

@ O translated of t w.r.t. O

7 P o O, rotated of 6 w.r.t. Oy
2 i \
34? * > * TWO STEPS:
N 9 , [cos(#) —sin(6) 0
27 \ 0 pﬁ,oz): sin(f) cos(f) O pg,OZ)
,,,,,,,,,,,,,,,, 0 0 1
O L
la
t 10 t]
o
o PV =10 1 t|p>
1 T T T T 0 O 1
1 2 3 4 X -

cos(6) —sin(0) t
ONE STEP: p(ol) = [sin(6) cos(d) t,|p!®
: h y | Ph
0 0 1

23 /49



Rototransla
000000080

Rototranslation - Homogeneous 2D - Some notes

[cos(6) —sin(0) ne my ty R t
Consider [sin(f) cos() t,| =|[n, m, t, | = {0 1} =T
| O 0 1 0 0 1
.
@ n= |n,| is the direction vector (improper point) of the x axis
| 0
my
e m = |my | is the direction vector (improper point) of the x axis
0
o |In]| =|m|| =1 they are unit vectors
o ||[nx, my]|| = ||[ny, m,]|| =1 are unit vectors too

R is an orthogonal matrix — R™!'=R"

T is homogeneous too! i.e., T=AT Tp2=ATp2

24 /49



Rototranslation - 2D
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Rototranslation - Homogeneous 2D - Get parameters

Tuiu T2 T3
Consider T= |Toar T Ty
0 0 1

cos(f) —sin(6) t
o remember |sin(d) cos(f) t,

0 0 1
T3
t=
ve= |7

0 0= atan2(T21, T11)

25 /49



Rototranslation - 2D
0O0000000e

Rototranslation - Homogeneous 2D - Get parameters

[Tn T2 T13] y
Consider T= [Tar T Ta3 S b
0 0 1 s
ST 0+
cos(0) —sin(0) ty [/ : \1‘
o remember |sin(d) cos(f) t, ‘ 0 X
0 0 1 -1y o1
= I e =
| | | |
_ [T LT
et= {7'23} |

e arctan(y/x) =— [0, 7]
° 0 =atan2(Ta, Tu) e atan2(y, x) — [—m, 7]

25 /49



Rototranslation - 2D
0O0000000e

Rototranslation - Homogeneous 2D - Get parameters

Tuiu T2 T3
Consider T= |Toar T Ty
0 0 1

cos(0) —sin(0)
o remember |sin(d)  cos(6)

0 0
T3
t=
ve= |7

0 0= atan2(T21, T11)

atan2(y, x) =

t
t}/
1

e arctan(y/x) =— [0, 7]

e atan2(y, x) — [—m, 7]

arctan(y/x)
arctan(y/x) +
arctan(y/x) —m
*i

2
undefined

x>0

y>0,x<0
y<0,x<0
y>0,x=0
y<0,x=0
x=0,y=0

25 /49



Rototranslation - 3D

Outline

© Rototranslation - 3D
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Rototranslation - 3|

@0000

Rotations in 3D - 1

ROTATE AROUND x

z Z

y

0] I

p, roll (“rollio”)
around x-axis

1 0 0

0 cos(p) —sin(p)
0 sin(p) cos(p)

X
x
Il

27 /49



Rotations in 3D - 1

ROTATE AROUND x ROTATE AROUND y

z Z

y

0] I

p, roll (“rollio”)

around x-axis . .
0, pitch (“beccheggio”)
around y-axis

1 0 0 cos(f) 0 sin(0)
Ry =|0 cos(p) —sin(p)| Ry = 0 1 0
0 sin(p)  cos(p) —sin(d) 0 cos(0)

27 /49



Rotations in 3D - 1

ROTATE AROUND x ROTATE AROUND y ROTATE AROUND z
z Z z
y
y
0 x!
o X
Yx

¢, yaw (“imbardata”)

p, roll (“rollic”) around z-axis

around x-axis . .
0, pitch (“beccheggio”)
around y-axis

1 0 0 cos(f) 0 sin(6) cos(¢) —sin(¢) O
Ry =|0 cos(p) —sin(p)| Ry = 0 1 0 R; =|sin(¢) cos(¢) O
0 sin(p) cos(p) —sin(d) 0 cos(0) 0 0 1

27 /49



Rototranslation - 3D
[e] lele]e}

Rotations in 3D - 2

TO CREATE A 3D ROTATION

@ Compose 3 planar rotation

@ 24 possible conventions
non-commutative matrix products

COMMON CONVENTION

@ Rotate around x (roll)
@ Rotate around y (pitch)

@ Rotate around z (yaw)

28/49



Rototranslation - 3D
[e] lele]e}

Rotations in 3D - 2

TO CREATE A 3D ROTATION

o Compose 3 planar rotation DERIVE A COMPLETE ROTATION MATRIX
@ 24 possible conventions o Let pO° in the rotated system
non-commutative matrix products o poRyz _ RxpORXyz
COMMON CONVENTION ° pORZ = RypOR”
@ Rotate around x (roll) o p° = R,p°™ in the original system

@ Rotate around y (pitch)

@ Rotate around z (yaw)

28/49



Rototranslation - 3D
[e] lele]e}

Rotations in 3D - 2

TO CREATE A 3D ROTATION

o Compose 3 planar rotation DERIVE A COMPLETE ROTATION MATRIX
@ 24 possible conventions o Let pO° in the rotated system
non-commutative matrix products o poRyz _ RxpORXyz
COMMON CONVENTION ° pORZ = RypOR”
@ Rotate around x (roll) o p° = R,p°™ in the original system
@ Rotate around y (pitch) e R,. =R.R/R,

@ Rotate around z (yaw)

28/49



Rototranslation - 3D
[e] lele]e}

Rotations in 3D - 2

TO CREATE A 3D ROTATION

o Compose 3 planar rotation DERIVE A COMPLETE ROTATION MATRIX
@ 24 possible conventions o Let pO° in the rotated system
non-commutative matrix products o poRyz _ RxpORXyz
COMMON CONVENTION ° pORZ = RypOR”
@ Rotate around x (roll) o p° = R,p°™ in the original system

@ Rotate around y (pitch) e R,. =R.R/R,
@ Rotate around z (yaw)

cos(¢) cos(0)  cos(¢)sin(0)sin(p)—sin(¢p) cos(p)  cos(¢p) sin(0) cos(p)-+sin() sin(p)
nyz = sin(¢) cos(0)  sin(¢) sin(6) sin(p)-+cos(¢) cos(p)  sin(¢) sin() cos(p)—cos() sin(p)
— sin(0) cos(0) sin(p) cos(0) cos(p)
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Rototranslation - 3D
00e00

Rototranslations - Homogeneous 3D

/ COMPLETE TRANSFORMATION

o p'%) w.rt. O, reference

@ Let consider O; rotated as O, but
translated by t

. ’
@ R rotation of O, wrt O,
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Rototranslation - 3D
00e00

Rototranslations - Homogeneous 3D

, COMPLETE TRANSFORMATION

o p'%) w.rt. O, reference

@ Let consider O; rotated as O, but
translated by t

. ’
@ R rotation of O, wrt O,

o pl®) = Rp(©)
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, COMPLETE TRANSFORMATION

o p'%) w.rt. O, reference

@ Let consider O; rotated as O, but
translated by t

. ’
@ R rotation of O, wrt O,

o pl®) = Rp(©)
p(O) = ¢ + pl0)
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COMPLETE TRANSFORMATION

o p'%) w.rt. O, reference

@ Let consider O; rotated as O, but
translated by t

. ’
@ R rotation of O, wrt O,

o p©) — Rp(©®)
o pl@) =t 4 pl©)

IN HOMOGENEOUS COORDINATES
(o) _ [V t||[R 0] ©,)_|R t| (0)
(02)

where p,”’ is p(OZ) in homogeneous coordinates

and pﬁ,ol) is p

(O1) in homogeneous coordinates
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Rototranslation - 3D
[e]e]e] lo}

Rototranslation - Homogeneous 3D - Some notes

n, my ay, ¢ty

Consider | ™ & b _ Rt _ T
n; m; az t, 0 1
o 0 1 |
ny my [ay
e n=|"|, m=|"™|, a=|"| are the direction vectors of the x,y,z, axes
ny m; ay
0 0 Lo
o |[n|| =|m||=|la]l =1 unit vectors
o [|ne.me.adl| = ||[ny.my.a,]|| = llnz.mz.a:)| =1 are unit vectors too

o Ris an orthogonal matrix — R™!'=R"

@ T is homogeneous too! i.e., T=AT Tp2=ATp2
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Rototranslation - Homogeneous 3D - Get parameters

Tiu T2 Tiz Tu
Ton T Tz Txu

Consider T =
! Tan T2 Tsz Ta
0 0 0 1
cos(¢) cos(0)  cos(¢)sin(0) sin(p)—sin(p) cos(p)  cos(¢) sin(0) cos(p)+sin(¢) sin(p)
@ remember sin(¢) cos(0)  sin(¢) sin(0) sin(p)+cos(p) cos(p)  sin(¢p) sin(8) cos(p)—cos() sin(p)
—sin(0) cos(0) sin(p) cos(0) cos(p)
Tia
ot=|Tn
T34

¢ = atan2 (7o,T11)

0 = atan2 (—T31,0 /751 7%)

p = atan2 (73, Ts3)
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Composition

Outline

© Composition
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Composition
[ Jelele]e}

Transformations - Why?

THINK ABOUT...

o W is the world reference frame.

@ R is the robot reference frame.

° TEA%) is the transformation that codes

position and orientation of the robot w.r.t. W.
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Composition
[ Jelele]e}

Transformations - Why?

THINK ABOUT...

W is the world reference frame.

~~

R is the robot reference frame.

P ° TEA%) is the transformation that codes
position and orientation of the robot w.r.t. W.
@ The robot perceives the red point,
) it knows the point p{® in robot reference frame.
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Composition
[ Jelele]e}

Transformations - Why?

THINK ABOUT...

W is the world reference frame.

@ R is the robot reference frame.
R . .
p") p® o T(M) is the transformation that codes
position and orientation of the robot w.r.t. W.
@ The robot perceives the red point,
TW) it knows the point p{® in robot reference frame.
WR

o pW) = T%) p'® is the point in world coordinates.
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Composition
[ Jelele]e}

Transformations - Why?

THINK ABOUT...

o W is the world reference frame.
@ R is the robot reference frame.
/ R . .
p") p® o T(M) is the transformation that codes
position and orientation of the robot w.r.t. W.
@ The robot perceives the red point,
TW) it knows the point p{® in robot reference frame.
R o p™ = TW) p(® is the point in world coordinat
W =Twr P point in world coordinates.
(W) (W)
T%) = {R'(’]VR tV‘l/R] is the transformation matrix

@ map points in R reference frame in W frame

(W)

@ t)- is the position of R w.rt. W

° R(WV\Q is the rotation applied to a reference frame rotated as W with origin on O
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Composition
[e] lele]e}

Transformations - Inversion

INVERSE TRANSFORMATION

e W is the world reference frame.
@ R is the robot reference frame.

° T%) is the transformation that codes
position and orientation of the robot w.r.t. W.
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Composition
[e] lele]e}

Transformations - Inversion

INVERSE TRANSFORMATION

e W is the world reference frame.
@ R is the robot reference frame.

° T%) is the transformation that codes
position and orientation of the robot w.r.t. W.
(R)
Trw W
Tiwr

w

POSITION OF THE WORLD W.R.T. THE ROBOT

-1 mT W) (W)
TE?Rve/ = (TE/VM;/?)) = {RV(V]R RWR1 twr | is the transformation matrix
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Composition
[e] lele]e}

Transformations - Inversion

INVERSE TRANSFORMATION

W is the world reference frame.

\

R is the robot reference frame.

p") w) . ]
o T,,; is the transformation that codes
position and orientation of the robot w.r.t. W.
(R)
LYY @ You know the red point (p(W)) in world
LA .
WR coordinates,

w

POSITION OF THE WORLD W.R.T. THE ROBOT

-1 w)T W) (W)
TE?RV?/ = (TE/VM;/?)) = {RV(V]R 7RWR1 tWR] is the transformation matrix
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Composition
[e] lele]e}

Transformations - Inversion

INVERSE TRANSFORMATION

W is the world reference frame.

R is the robot reference frame.

\

pt™) P w) -
o T,,; is the transformation that codes
position and orientation of the robot w.r.t. W.
(R)
LYY @ You know the red point (p(W)) in world
LA .
WR coordinates,

w

POSITION OF THE WORLD W.R.T. THE ROBOT

-1 w)T W) (W)
TE?RV?/ = (TE/VM;/?)) = {RV(V]R 7RWR1 tWR] is the transformation matrix

p® = TE?R&, p™) is the point in robot coordinates.
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Composition
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Transformations - Composition

COMPOSITION OF TRANSFORMATIONS

/@2 ° qu): pose of 1 w.r.t. 0
° Tglz): pose of 2 w.r.t. 1




Composition
[e]e] le]e}

Transformations - Composition

COMPOSITION OF TRANSFORMATIONS

° T01 pose of 1 w.r.t. 0

° T12 pose of 2 w.r.t. 1

T

b 2 o T = TOTY: pose of 2 w.rt. 0




Composition
[e]e] le]e}

Transformations - Composition

COMPOSITION OF TRANSFORMATIONS

T
3 ° qu): pose of 1 w.r.t. 0
@ ° Tglz): pose of 2 w.r.t. 1
(0) T
Toz [~ 12 ° ng) = Tgi)T%): pose of 2 w.r.t. 0

\
(]

T%): pose of 3 w.r.t. 2




Composition
[e]e] le]e}

Transformations - Composition

COMPOSITION OF TRANSFORMATIONS

/S%

T T T

1
<o>/

TOl

ng): pose of 1 w.rt. 0

Tglz): pose of 2 w.rt. 1

ng) _ Tg(i)T%): pose of 2 w.r.t. 0

T%): pose of 3 w.r.t. 2

TO = TOTYOTY = TOTY): pose of 3 w.r.t. 0
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Composition
[e]e] le]e}

Transformations - Composition

COMPOSITION OF TRANSFORMATIONS

T@
3 23 (0)
ﬁ% Ty: pose of 1w.rt. 0
° Tgl)' pose of 2 w.rt. 1

(0) ©) T(l) 2 -
Toa Ty 72 '

/o

TOl

ng) = Tgi)T%): pose of 2 w.r.t. 0
T%): pose of 3 w.r.t. 2
T =TOTHTE = THTY: pose of 3w.rt. 0

GRAPHICAL METHOD

@ Post-multiplication following arrows verse

@ Pre-multiplication coming back in arrows verse

NoTE: Not unique convention about arrow direction!!
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Composition
[e]ele] o}

Transformations - Composition Example

EXAMPLE
- p(3) -
/‘% o T\ pose of 1 w.r.t. 0
7O T ° T%): pose of 2 w.r.t. 1
03 1 12 ° Tég): pose of 3 w.r.t. 0
o p®: position of p w.r.t 3
™




Composition
[e]ele] o}

Transformations - Composition Example

EXAMPLE

3

p®

3 (2

/lZ P }2 : pose of 1 w.r.t. 0

1

7O T%) ° T§2): pose of 2 w.r.t. 1
0 7[1/ : pose of 3 w.r.t. 0

o p®: position of p w.r.t 3

Tfﬁ) o p®: position of p w.r.t 27

°
-
23

c

(4]
—
32




Composition

[e]ele] o}

Transformations - Composition Example

EXAMPLE

°
-
23

c

: pose of 1 w.r.t. 0
° T%): pose of 2 w.r.t. 1

: pose of 3 w.r.t. 0

—
82
\H)e
() ()
o -
883

. position of p w.r.t 3

Tfﬁ) o p®: position of p w.r.t 27
0
SOLUTION

2 1\t 0\ ! (0 2) (1) (0
° Tg3) = (ng)) (Tél)) T(()3) = Tgl) T(IO) T(()3)
(T (@) © @\ 7! ©)*
o Note: (TR)  (T) "= (TR TY) = (1)
o p? = Tp®
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Composition
[e]e]e]e] }

Transformations - Composition - Practical Case

CHANGE REFERENCE SYSTEM OF MOTION

° T%;%)l: pose of robot R at time t =1
w.r.t. robot at time t =0
i.e., the relative motion of the robot

° TgR): pose of a sensor S w.r.t. the robot R
Note: fixed in time
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Composition
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Transformations - Composition - Practical Case

CHANGE REFERENCE SYSTEM OF MOTION

° T%;%)l: pose of robot R at time t =1
w.r.t. robot at time t =0
i.e., the relative motion of the robot

° TgR): pose of a sensor S w.r.t. the robot R
Note: fixed in time
o TV . pose of sensor S at time t =1

5051
w.r.t. sensor at time t = 07
i.e., the relative motion of the sensor
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Transformations - Composition

Composition
[e]e]e]e] }

- Practical Case

CHANGE REFERENCE SYSTEM OF

MOTION

w

SOLUTION

S R\ ! (R R
T - (1) TR T

° T%;(,);,)l: pose of robot R at time t =1

w.r.t. robot at time t =0
i.e., the relative motion of the robot

° TgR): pose of a sensor S w.r.t. the robot R

Note: fixed in time

o T pose of sensor S at time t =1

5051
w.r.t. sensor at time t = 07

i.e., the relative motion of the sensor
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Projective 2D Geometry

Outline

o Projective 2D Geometry
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Projective 2D Geometry
®000000

Lines in homogeneous coordinates

LINES DEFINITION

o Slope-intercept form: y = mx + g

vertical lines m = oo

o Linear equation: ax+ by +c =0,

(a, b) € R* — {0,0}
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Lines in homogeneous coordinates

Projective 2D Geometry
®000000

LINES DEFINITION

o Slope-intercept form: y = mx + g
vertical lines m = oo
o Linear equation: ax+ by +c =0,

(a, b) € R* — {0,0}

HOMOGENEOUS COORDINATES

.
o Line: I = [a, b, C]

,
@ Point: p= [x, v, 1]
eopliesonl<l'p=p'I=0
@ Homogeneous property:

o =M\l

o p=Ap
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Projective 2D Geometry
[e] leJe]e]e]e)

Point from Lines & Lines from Points

INTERSECTION OF LINES

Op:|1ﬂ|2:|1><|2

y I
2<
+— I
1 p+ 2
1 2 x
olh=[1,0 -1 —»x=1
ohb=[0,1-1" »y=1
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Projective 2D Geometry
[e] leJe]e]e]e)

Point from Lines & Lines from Points
INTERSECTION OF LINES

LINE JOINING TWO POINTS

Op:|1ﬂ|2:|1><|2 0|:p1><p2
y Iy y P2 A
2 +
1*7p+ [}

1 2x
olh=[1,0 -1 »x=1
ohb=[0,1-1" »y=1
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Projective 2D Geometry
[e] leJe]e]e]e)

Point from Lines & Lines from Points

INTERSECTION OF LINES

LINE JOINING TWO POINTS

Op:|1ﬂ|2:|1><|2 0|:p1><p2

y Iy y p |
2 +
1 ,7p+ I,
1 2 x
ol =[1,0, —1] —x=1
o =01, —1] —-y=1
op=[111]" T Sy=x
CROSS PRODUCT REMINDER
ax by . ?y o, a,b, —a,b,
a=|a b= |b, axb=det|ac a, a;| = |a:bx—axb;
a; b, b, b, b, asb, —a b,
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Proj; 2D Geometry
[e]e] le]e]e]e)

Ideal points and |l

INTERSECTION OF PARALLEL LINES

Op=|1ﬂ|2=|1><|2

y hop b

’ I

1 2 3x
oh=[1,0-1" »x=1
olb=[1,0-2]" »x=2
o p= [0, 1, O]T—>improperpoint

direction of y axis
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Projective 2D Geometry
[e]e] le]e]e]e)

Ideal points and |l

INTERSECTION OF PARALLEL LINES

o p=|1ﬂ|2=|1><|2
LINE THAT JOIN IMPROPER POINTS (l)

y L ph
? I o pr= [, 3. 0]
1 o p2=[x, 2, 0]
o p1xp1=10,0, 1]T
1 2 3x ol =10,01]":
ol = [1, 0, —1]T —x=1 join V pair of improper points,
olb=[1,0-2]" »x=2 ie, 1L [x, y,0]" =0

o p= [0, 1, O]T — improper point

direction of y axis
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Projective 2D Geometry
[e]o]e] lelele)

Duality principle

p +— |
pl=0 <— I'p=0
p:|1><|2 <> |:p1><p2

To any theorem in 2D projective geometry there correspond a dual theorem,

derived by interchanging the role of points and lines
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Projective 2D Geometry
[e]o]e]e] lele)

Conics

DEFINITION

o 2"d degree equations

planar curve

Equation: ax> + bxy + ¢y’ +dx+ey +f =0

o Homogeneous: ax? + bxy + cy® + dxw + eyw + fw? =0

Matrix form:

.
ox:[x,y, W]

a b2 d)2
e C=|b/2 ¢ ¢/2
d/2 e/2 f
e x'Cx=0

— C is homogeneous too, i.e., 6 parameters, 5 D.O.F.
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Projective 2D Geometry
[e]o]e]e]e] o)

Conics - Summary

PROPER CONICS:

Circle Hyperbola

Ellipse Parabola

DEGENERATE CONICS:

>~ | C=Im"+ml" EEREE EEEH c=1I"

— X\Cﬁm 2-lines, : : 4‘ repeated line,

- rank (C) =2 ;"T”’ rank (C) =1
B
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Projective 2D Geometry
O00000e

Conics Parameters Estimation

PARAMETERS ESTIMATION

o Given a point x;, y;, it satisfies
ax? + bxiyi +cy? +dxi +eyi +f =0

-
o Rewrite: [x,?, XiVi, Y2, Xiy Vi, 1] [a, b, c,d, e, f] =0

o Stacking constraints on > 5 points:

Xt oy ¥i oxaon
X2 xX2y2 Y2 X2 Y2
X3 X33 Y3 X3 y3
Xy XaYs  Ya X4 Ya
X Xsys ¥E X5 ¥s

N
N
[ = S =S SR

N0 Q0 T
O OO ooo

@ Solve the linear system

“Multiple View Geometry in computer vision” - Hartley, Zisserman, Chapter 2. l
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Projective Transformations

© Projective Transformations
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Projective Transformations
@00

Projective Transformations - Definition

Definition
A projectivity is an invertible mapping h(-) : R> — R? such that
x1,%2,x3 lie on the same line <= h(x1),h(x2),h(x3) do

i.e., a projectivity maintains collinearity

A mapping h(-) : R> = R? is a projectivity
el
3 a non-singular 3 x 3 matrix H such that

Vp € R? expressed with its homogeneous vector py,

h(pn) = Hps
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Projective Transformations
o] o}

Projective Transformations - Practice

PROJECTIVE TRANSFORMATION

x' = Hx
x' hin hiz his| | x
y' = |ha hn hxs| |y
w’ hs1i hsz hsz| |w
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Projective Transformations
o] o}

Projective Transformations - Practice

PROJECTIVE TRANSFORMATION

x' = Hx
x' hin hiz his| | x
y' = |ha hn hxs| |y
w’ hs1i hsz hsz| |w

NOTE

@ H has 9 elements

@ H is homogeneous too: \H =H

normalized if h3z =1

o — only 8 D.O.F.
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Projective Transformations
o] o}

Projective Transformations - Practice

PROJECTIVE TRANSFORMATION

x' = Hx

x' hin hiz his| | x

y'| = |ha ha hs| |y

w' hs1  hs2  hsz| |w

NOTE SYNONYMOUS
@ H has 9 elements o Projectivity

@ H is homogeneous too: \H =H o Projective transformation

normalized if h33 =1 o Collineation

e — only 8 D.O.F. o Homography
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Projective Transformations
[e]e] J

Projective Transformations - Mapping between planes

ORIGINAL IMAGE RECTIFIED IMAGE

ESTIMATION NoTE
o Take four point on first image x; e H has 8 D.O.F. (AH = H)
@ Map on four known destination points x; @ each point impose 2 constraint
x; = Hx
5 = Hx
® Solve XE = Hxi on hj. “Multiple View Geometry
x; = Hxqg in computer vision”

Hartley Zisserman
Chapter 4.
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